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E-mail address: meguid@mie.utoronto.ca (S.A. MeThe present study investigates the interfacial properties of carbon nanotube (CNT) reinforced polymer
composites by simulating a nanotube pull-out experiment. An atomistic description of the problem is
achieved by implementing constitutive relations that are derived solely from interatomic potentials. Spe-
ciﬁcally, we adopt the Lennard-Jones (LJ) interatomic potential to simulate a non-bonded interface,
where only the van der Waals (vdW) interactions between the CNT and surrounding polymer matrix
are assumed to exist. The effects of such parameters as the CNT embedded length, the number of vdW
interactions, the thickness of the interface, the CNT diameter and the cut-off distance of the LJ potential
on the interfacial shear strength (ISS) are investigated and discussed. The problem is formulated for both
a generic thermoset polymer and a speciﬁc two-component epoxy based on a diglycidyl ether of bisphe-
nol A (DGEBA) and triethylene tetramine (TETA) formulation. The study further illustrates that by
accounting for different CNT capping scenarios and polymer morphologies around the embedded end
of the CNT, the qualitative correlation between simulation and experimental pull-out proﬁles can be
improved.
 2012 Elsevier Ltd. All rights reserved.1. Introduction begun to shift from micro-scale composites to nanocomposites,Since their discovery by Iijima (1991), CNTs have been the sub-
ject of immense research; primarily because of their remarkable
properties which include their miniature size, high aspect ratio,
low density, high strength and high stiffness. The exceptional
mechanical properties of CNTs have shown great promise for a
wide variety of applications, such as nanotransistors, semiconduc-
tors, hydrogen storage devices, structural materials, molecular sen-
sors, ﬁeld-emission based displays, and fuel cells, to name a few
(Endo et al., 2004). Apart from the abovementioned applications,
CNTs have also been introduced as reinforcing agents in light-
weight polymeric composite materials. It has been recognized for
some time that the mechanical, thermal and electrical properties
of polymeric materials can be engineered by fabricating compos-
ites that are comprised of different volume fractions of one or more
reinforcing phases. Traditionally, polymeric materials have been
reinforced with carbon or glass microﬁbres to improve their
mechanical properties and a variety of metallic and/or organic ﬁll-
ers for electrical and thermal property enhancements. These com-
posite materials have been used in a wide variety of applications in
automotive, aerospace, mass transit, and nuclear industries. As
time has progressed, practical realization of such composites hasll rights reserved.
: +1 416 978 7753.
guid).taking advantage of the unique combination of mechanical, electri-
cal and thermal properties of nanoﬁllers (ﬁllers with a characteris-
tic dimension below 100 nm). There are three main advantages
associated with dispersing nano-scaled ﬁllers, such as CNTs, in
polymeric materials. They are the phenomenal mechanical, electri-
cal and thermal conductivities, nanoscopic size and their high as-
pect ratios. Whilst some credit can be attributed to the intrinsic
properties of the nanotubes, most of these advantages stem from
the extreme reduction in ﬁller size combined with the large
enhancement in the speciﬁc surface area and interfacial area they
present to the matrix phase.
The mechanical properties of a composite material are governed
by the characteristics of the reinforcing ﬁller-polymer matrix inter-
face. The interface is largely responsible for stress transfer from the
surrounding matrix to the reinforcement. As such, the extremely
high aspect ratios of CNTs lend themselves to greatly improved
transferability of load at the interface, when compared with con-
ventional microﬁbers. However, the degree of interfacial adhesion
between the nanotubes and polymer also becomes a key parame-
ter affecting the physical properties of the nanoreinforced compos-
ite. The carbon atoms on CNT walls are chemically stable because
of the aromatic nature of the bonding. As a result, the reinforcing
CNTs interact with the surrounding polymer matrix mainly
through weak van der Waals interactions (Hu et al., 2006).
Earlier studies suggest that it is possible to improve the interfa-
cial strength between the CNTs and polymer matrix using chemical
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covalent functionalization of the CNTs. Non-covalent functionali-
zation refers to the adsorption of surfactant molecules or the heli-
cal wrapping of polymer molecules on the CNT walls which in turn
improves the wetting of the CNTs by the polymer. Covalent func-
tionalization or chemical cross-linking refers to the formation of
a small percentage of strong covalent bonds between the CNT
and surrounding polymer from the grafting of functional groups
on the CNT walls. Experimental nanotube pull-out tests seem to
support the idea that these mechanisms can increase the ISS of
CNT polymer composite systems. For example, the work by Wag-
ner’s group has demonstrated that the ISS between a multiwalled
carbon nanotube (MWCNT) and an epoxy matrix is in the range
of 35–376 MPa using a scanning probe microscope (SPM) setup
to drag the nanotube out from the matrix (Cooper et al., 2002). La-
ter, they employed an atomic force microscope (AFM) to directly
pull a MWCNT from a polyethylene-butene matrix and observed
an average interfacial stress of 47 MPa (Barber et al., 2003). Tradi-
tional composite materials containing microﬁbre reinforcements
embedded in thermoplastic matrices typically exhibit interfacial
strengths below 10 MPa (Mader et al., 1996). Furthermore, com-
puter simulations have shown that the interfacial strength of a
CNT polyethylene system is on the order of 2 MPa, when only
vdW interactions were considered (Frankland et al., 2002). There-
fore, it can be concluded that some form of covalent bonding does
naturally occur in the above system as evidenced by the high inter-
facial strength. An ISS as high as 500 MPa has been observed as re-
ported by Wagner et al. (1998) based on fragmentation tests in
urethane-CNT composites albeit assumptions made on both the
critical length and nanotube strength. On a separate occasion,
Wagner’s group directly explored the effect of functionalization
by using both pristine and chemically modiﬁed MWCNTs in their
AFM experiments. The shear-lag ﬁts give an average ISS of approx-
imately 30 MPa in the case of pristine CNTs, and 151 MPa for the
chemically modiﬁed nanotubes (Barber et al., 2006). In compari-
son, the theoretical ﬁndings of Zheng et al. (2009), using molecular
dynamics (MD), report ISS of 33 MPa and approximately 575 MPa
for cases involving pristine non-bonded nanotubes and phenyl
functionalized nanotubes in a polyethylene matrix, respectively.
Finally, the MD model of Xu et al. (2002) predicts an ISS of approx-
imately 138 MPa when considering non-bonded interactions be-
tween a nanotube and epoxy matrix. Despite the promising
improvements observed in the ISS, both functionalization tech-
niques have been shown to compromise the intrinsic properties
of CNTs by introducing structural changes or defects in the walls
of the nanotube (Garg and Sinnott, 1998; Fiedler et al., 2006). This
becomes especially detrimental when attempting to implement
multifunctional capabilities in the composite. Structural defects
can signiﬁcantly alter the intrinsic properties of the nanotubes
which can in turn result in a substantial degradation in the thermal
and electrical conductivity of the composite and its mechanical
performance.
Evidently, a number of analytical, numerical and experimental
works has been done to help understand the complexities of the
CNT polymer interface. However, correlation between these results
is often difﬁcult due to (i) signiﬁcant variability in the materials,
processing techniques and procedures that are employed in exper-
imental studies and (ii) differences in the adopted simulation tech-
niques and the way the pull-out problem is formulated in the
numerical investigations. Some conclusions drawn experimentally
have not been observed in numerical and analytical simulations.
Speciﬁcally, experimental results exhibit high pull-out forces at
the initial stage of the pull-out process. This is immediately fol-
lowed by a sudden decay in the force until the CNT has fully been
withdrawn from the polymer. On the contrary, the pull-out forces
predicted by numerical simulations seem to increase to a relativelyﬁxed value until the last stages of the pull-out process. Therefore,
several fundamental differences between experimental studies
and numerical simulations are worthy of investigation. In particu-
lar, little focus has been placed on the effect of CNT capping and the
morphology of the polymer around the embedded tip of the CNT
and the effect of CNT diameter. It is expected that if the polymer
matrix fully embodies the embedded CNT, the additional vdW
interactions at the base will serve to increase the initial pull-out
force.
It is therefore necessary to re-examine the non-bonded van der
Waals interaction mechanism and its key parameters to identify
any potential processing techniques that can be implemented in
order to improve the strength of the interface without resorting
to a functionalization treatment and to better correlate the numer-
ical predictions to experimentally observed pull-out proﬁles.
Experimental measurements of the interfacial properties of CNT
polymer composites are severely hindered by the length-scale in-
volved when using CNTs. Therefore, an effective way of quantifying
such properties is through the use of computational modeling
techniques. This paper expands on the existing literature of CNT
polymer interfaces and describes the development of a multiscale
computational model used to investigate the interfacial properties
of non-bonded CNT polymer systems. Speciﬁcally, the effect of the
CNT embedded length, the thickness of the interface, the cut-off
distance of the LJ potential and the number of vdW interactions
considered is investigated. Furthermore, the effect of different
CNT capping conditions and CNT diameters is also examined with
the intent to better replicate the pull-out proﬁles observed
experimentally.2. Numerical approach
To investigate the interfacial properties of a CNT-polymer com-
posite system a pull-out test of the nanotube is simulated. Fiber
pull-out tests have been well recognized as the standard method
for evaluating the interfacial bonding properties of composite
materials. The output of these tests is the force required to pull-
out the nanotube from the surrounding polymer matrix and the
corresponding interfacial shear stresses involved. The problem is
formulated using a representative volume element (RVE) which
consists of the reinforcing CNT, the surrounding polymer matrix,
and the CNT/polymer interface as depicted in Fig. 1(a). Fig. 1(b)
shows a schematic of the pull-out process, where x is the pull-
out distance and L is the embedded length of the nanotube. The
atomistic-based continuum (ABC) multiscale modeling technique
is used to model the RVE. The approach adopted here extends
the earlier work of Wernik and Meguid (2011). The new features
of the current work relate to the approach adopted in the modeling
of the polymer matrix and the investigation of the CNT polymer
interfacial properties as appose to the effective mechanical proper-
ties of the RVE. The idea behind the ABC technique is to incorporate
atomistic interatomic potentials into a continuum framework. In
this way, the interatomic potentials introduced in the model cap-
ture the underlying atomistic behaviour of the different phases
considered. Thus, the inﬂuence of the nanophase is taken into ac-
count via appropriate atomistic constitutive formulations. Conse-
quently, these measures are fundamentally different from those
in the classical continuum theory. For the sake of completeness,
we provide a brief outline of the method detailed in our earlier
work (Wernik and Meguid, 2011).
The CNT is modeled as a space-frame structure as depicted in
Fig. 2. In the space-frame model, each beam element corresponds
to an individual chemical bond in the CNT. As in traditional FE
models, nodes are used to connect the beam elements to form
the CNT structure. In this case, the nodes represent the carbon
Fig. 1. Schematic depictions of (a) the representative volume element and (b) the pull-out process.
Fig. 2. Carbon nanotube geometrical space frame structure.
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nates. Consequently, the terms node and atom are used inter-
changeably throughout this paper. We adopt the Modiﬁed Morse
potential with an added angle-bending potential to describe the
atomic interactions in the CNT. This potential is given by:
E ¼ Es þ Eb ð1ÞEs ¼ Deð½1 expbðrroÞ2  1Þ ð2ÞEb ¼ 12khðh hoÞ2½1þ ksexticðh hoÞ4 ð3Þ
where ro is the initial bond length, ho is the initial angle between
adjacent bonds, De is the dissociation energy, b is a constant which
controls the ‘width’ of the potential, and kh and ksextic are the angle-
bending force constants. The parameters used for the potential in
this study were the same as those adopted by Belytschko et al.
(2002), and are presented in Table 1. Nonlinear rotational spring
elements are used to account for the angle-bending component,
while beam elements are used to represent the stretching compo-
nent of the potential. Differentiating the stretching potential (Eq.
(2)) with respect to the change in bond length and by utilizingTable 1
Modiﬁed Morse potential parameters.
Parameter Value
ro (m) 1.421  1010
De (N m) 6.03105  1019
B (m1) 2.625  1010
ho (rad) 2.094
kh (N m rad2) 0.876  1018
ksextic (rad4) 0.754the following relationship, e = (r  ro)/ro, we can arrive at the
expression:
F ¼ 2bDeð1 expberoÞexpbero ð4Þ
which represents the force required to stretch a C–C bond. This
expression is used to describe the material behavior of the beam
elements. Likewise, differentiating the angle-bending component
of the potential Eq. (3)) with respect to the change in rotation, we
can arrive at the following expression:
M ¼ khðh hoÞ½1þ 3ksexticðh hoÞ4 ð5Þ
which represents the moment required to bend neighboring bonds.
Again, this expression is used to deﬁne the stiffness of the rotational
spring elements throughout the simulation.
The Lennard-Jones interatomic potential is used to describe the
vdWs interactions at the CNT/polymer interface. The LJ potential is
deﬁned as






where l is the potential well depth, w is the hard sphere radius of
the atom or the distance at which ELJ is zero, and r is the distance
between the two atoms. In this study, we investigate the non-
bonded interactions between the carbon atoms in the CNT and
the atoms in the polymer. The LJ parameters for the interactions
considered in this paper are summarized in Table 2. Again, by differ-
entiating the potential with respect to the separation distance, we
arrive at an expression for the vdW force between two interacting
atoms












LJ interaction l (J) w (nm)
Carbon–carbon (C–C) 3.89  1022 0.34
Carbon–hydrogen (C–H) 4.44  1022 0.32
Carbon–oxygen (C–O) 4.90  1022 0.32
Carbon–nitrogen (C–N) 4.48  1022 0.33
Fig. 4. Segment of CNT with cumulative resultant vdW force vectors.
Fig. 5. Polymer representation and pull-out boundary conditions.
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in each interaction, which depends solely on the separation dis-
tance between the atoms and the type of atoms considered. Each
carbon atom in the CNT is involved in an enormous number of
vdW interactions with the atoms in its surroundings. Therefore,
to avoid excessive computational costs, no additional ﬁnite ele-
ments are included in the interface description, as was done in
our earlier work where each interaction was represented by its
individual ﬁnite element. Alternatively, the cumulative effect of
the vdW interactions acting on each CNT atom is applied as a resul-
tant force on the respective node which is then resolved into its
three Cartesian components. This process is depicted in Fig. 3. Dur-
ing each iteration of the pull-out process, the above expression is
re-evaluated for each vdW interaction and the cumulative resul-
tant force and its three Cartesian components are updated to cor-
respond to the latest pull-out conﬁguration. Fig. 4 shows a
segment of the CNT with the cumulative resultant vdW force vec-
tors as they are applied to the CNT atoms.
In the present study, we consider both a generic thermoset
polymer and a speciﬁc two-component epoxy system. The generic
polymer system will allow for us to identify the effect of polymer
morphology and atomic density in the region surrounding a CNT
on the ISS. Variations in polymer morphology and atomic density
can also be interpreted as a means of investigating the effect of
the number of vdW interactions considered. In this case, the poly-
mer atoms involved in the vdW interactions at the interface are
modeled as rings of nodes forming concentric cylinders around
the CNT space-frame structure. This approach adopts ordered
and uniformly distributed representative nodes of the polymer
structure. In the case of the two-component epoxy system, the rep-
resentative nodes are randomly distributed throughout a constant
volume surrounding the CNT. We feel that this approach will pro-
vide a much more realistic depiction of the polymer and allow for
us to predict the ISS for a speciﬁc CNT polymer system. In both
cases we consider the vdW interactions between the nanotube
and the inner surface of the polymer matrix as well as those which
extend further into the immediate surrounding matrix. It is ex-
pected that cured thermoset polymer systems of a highly cross-Fig. 3. The process of nodal vdW force application. (a) vdW interactions on an individu
Cartesian components.linked formulation would show little deformation in the region
surrounding a nanotube during a pull-out experiment. Therefore,
the representative nodes of the polymer are fully constrained
and primarily serve to provide the coordinates of the polymer
atoms involved in the vdW force evaluation procedure described
above. The nodes in the CNT are constrained from any radial dis-
placements and an incremental axial displacement boundary con-
dition is applied to the top CNT nodes to initiate the pull-out
process. The displacement boundary conditions are summarized
in Fig. 5.al CNT atom, (b) the cumulative resultant vdW force, and (c) the cumulative vdW
Fig. 7. Experimental pull-out proﬁles using an (a) AFM (after [5]) and (b) SEM setup
(after [4]).
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The present study uses a representative volume element to
investigate the interfacial properties of the CNT polymer composite
system. The force required to withdraw the CNT from the matrix is
evaluated over the course of the pull-out process by summing the
reaction forces at the upper CNT nodes. The corresponding ISS can
then be calculated by dividing the maximum pull-out force by the
initial interfacial area, A = pdl, where d and l are the diameter and
length of the embedded nanotube, respectively. Fig. 6 depicts a
simulated pull-out proﬁle (pull-out force vs. pull-out distance)
for the generic polymer system. After an initial loading segment,
a sliding or steady state regime ensues as the nanotube is gradually
pulled through the surrounding matrix. The pull-out force then de-
creases as the end of the CNT approaches the upper surface of the
polymer matrix. One can observe that the pull-out force exhibits
relatively little variation in the sliding regime. However, this is
not a common characteristic of all predicted pull-out proﬁles.
Rather the smoothness of the sliding regime is due to a high poly-
mer nodal density and the ordered and uniformly distributed poly-
mer nodal representation. In this generic study, the interface
region is saturated with a high number of vdW interactions which
prevents any sharp oscillations in the pull-out force as the CNT is
withdrawn from the matrix. It is worth noting that the work also
included the effect of random distribution of the polymer atoms,
as explained later on, and this will result in sharp peaks and valleys
in the pull-out proﬁle which correspond regions of high and low
vdW interactions during the respective pull-out process. The gen-
eral pull-out proﬁle depicted in Fig. 6 shows striking resemblance
with those obtained by Xia and Curtin (2004) in their MD studies of
the sliding behavior of MWCNTs. This MWCNT ‘‘sword-
and-sheath’’ deformation can also be viewed as a composite
system wherein the outer walls represent a matrix material
surrounding a broken nanotube. In comparison, pull-out proﬁles
obtained experimentally via the direct tensile loading of the CNT
using an AFM setup do show discrepancies. For example, the
results of Barber et al. (2003) show an initial rise in the pull-out
force until a critical force is reached at which point the interface
is thought to have failed and a large drop in the force is subse-
quently observed with no evidence of a sliding regime (Fig. 7(a)).
A similar proﬁle is observed in the experimental results of Cooper
et al. (2002) using a SEM setup (Fig. 7(b)). These discrepancies can
be explained as follows. The present study treats the CNT as a
continuous ﬁbre that extends the same distance as the surrounding
matrix in the RVE. As such, it does not take into account the end
effects that may result from the capping of the CNT and the added
vdW interactions that would occur if the base of the CNT were also
embedded in the polymer. These end effects would signiﬁcantlyFig. 6. Typical CNT pull-out proﬁle.increase the peak pull-out force during the initial stages of loading
as will be shown in Section 3.6 of the present article.
The discrepancies between experimentally observed and simu-
lated proﬁles can also be explained by the time scale over which
the pull-out process occurs. Once the interface has failed, the sub-
sequent sliding of the nanotube occurs rapidly. It is believed that
experimental techniques are hindered by the temporal resolution
of the equipment used and are incapable of attaining sufﬁcient
measurements to capture this sliding regime. Furthermore, the
experimental works are unable to ensure a perfect non-bonded
system as the one investigated in the present work. As a result,
the CNT polymer system considered in these works may in fact
have a degree of functionalization present which could explain
the sharp peak evident in their pull-out proﬁles.3.1. Effect of van der Waals interactions
Atomistic simulations, such as MD, can be used to determine
the exact morphology of a polymer system surrounding a nanotube
structure. Without ﬁrst employing MD simulations to determine
the exact morphology of the polymer chains in their lowest energy
state, it is rather difﬁcult to establish the exact location of the
atoms in the near vicinity of the CNT. However, MD results can
show signiﬁcant variability depending on the potentials used, the
polymer system being investigated, the chosen timestep algorithm,
and how the boundary conditions are applied. In this study, the
Fig. 9. The effect of the vdW interaction density on the interfacial shear strength
when only inside surface of polymer is considered.
Fig. 10. The effect of the vdW interaction density on the interfacial shear strength
when multiple polymer layers are considered.
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centric cylinders around the reinforcing nanotube space-frame
structure (Fig. 5). We feel that this description forms an adequate
basis on which the interfacial properties of a generic polymer
CNT system can be investigated. The density of nodes in the poly-
mer description will determine the number of vdW interactions
between the CNT and the surrounding polymer, and consequently,
the resulting ISS. To study the sensitivity of this parameter on the
ISS, the number of nodes in the polymer representation is varied.
Three studies are conducted to investigate the effect of polymer
atomic density, or equivalently, the number of vdW interactions.
In each study, a CNT of 1.776 nm in length and an interfacial thick-
ness of 0.34 nm is used. The ﬁrst study considers only the immedi-
ate surrounding layer of the polymer and varies its number of
nodes (Fig. 8(a)). In the second study, the number of nodes in the
polymer layers remain constant but the number of layers sur-
rounding the CNT is increased using an interlayer spacing of
0.1275 nm (Fig. 8(b)). This interlayer spacing was selected to en-
sure a uniform distribution of the nodes throughout the polymer
volume. The third study utilizes a computational cell of constant
volume that extends 1.0 nm into the surrounding polymer
(Fig. 8(c)). This study considers variations in the proximity of the
layers and the number of vdW interactions are varied by increasing
the number of layers in the deﬁned volume. In all three studies, the
chemical composition of the polymer is ignored, implying that only
carbon-carbon vdW interactions are considered.
Four interfacial conﬁgurations are considered in Study 1 with
vdW interaction densities (d) corresponding to 5000, 10,000,
19,000 and 37,000 vdW interactions per square nanometer CNT
(int/nm2), respectively. The vdW interaction density represents
the total number of vdW interactions occurring during the pull-
out process divided by the surface area of the nanotube. Fig. 9
shows the predicted linear dependency of the ISS on the vdW
interaction density for the case where only the immediate sur-
rounding layer of the polymer was considered. Fig. 10 shows the
effect of vdW interaction density on the ISS for studies 2 and 3.
In both studies the ISS increases with increasing number of layers
and interaction density. However, in study 2 the number of layers
considered does not seem to have a signiﬁcant effect beyond the
fourth layer. This study used a constant interlayer spacing and suc-
cessively added more layers to the surrounding polymer. The ISS
begins to plateau because as more layers are added, the atoms
are situated at a further distance from the CNT. The corresponding
vdW interactions become weaker due to the large atomic separa-
tion distance. For example, the ﬁfth layer is situated at a radial dis-
tance of 0.85 nm from the wall of the CNT. This distance also
corresponds to the traditional LJ cut-off distance used in MD sim-
ulations where the potential is truncated to ignore interactions
that extend beyond this distance. Study 3, however, does show a
continually increasing ISS with increasing number of layers andFig. 8. Schematic diagram of polymer representations used to study the effect of vdW i
polymer layers with a constant interlayer spacing (Study 2), and (c) a constant volumeinteraction density. This study used a computational cell of con-
stant volume. As more layers are added to the cell their interlayer
spacing decreases. This also shifts some of the atoms to within a
closer distance of the CNT resulting in stronger vdW interactions
thus increasing the ISS. The trend observed in study 3 seems to ex-
hibit a similar linear dependence as in study 1.
The above three studies can be used to help identify the effect of
polymer morphology and atomic density in the region surrounding
a CNT on the ISS of a generic polymer CNT system. However, one
cannot extrapolate a value from these results for a speciﬁc polymernteraction density using (a) only the inside polymer surface (Study 1), (b) multiple
with varied interlayer spacings (Study 3).
Fig. 11. Atomic structure of diglycidyl ether of bisphenol A (DGEBA) base resin.
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study for which a reasonable estimate of the ISS of a speciﬁc
two-component epoxy polymer CNT system is predicted. This sys-
tem is used as the computational model for the remaining analyses
of this paper. A simple epoxy resin, based on diglycidyl ether of
bisphenol A (DGEBA) and a common curing agent, triethylene tet-
ramine (TETA), is selected.
To determine the number of vdW interactions between the CNT
and atoms of the surrounding epoxy matrix, the atomic density of
the two-component epoxy system is determined using simple stoi-
chiometric calculations. The base resin exhibits the atomic struc-
ture depicted in Fig. 11, where ‘n’ is approximately 0.15. This
atomic structure corresponds to a molecular mass of approxi-
mately 383.07 g/mol, with a molecular formula of C23.7H27O4.5.
The density of the resin is 1.16 g/cm3. The atomic structure of
the curing agent is depicted in Fig. 12. It has a corresponding
molecular mass of 146.23 g/mol, with a molecular formula of
C6H18N4 and a density of 0.93 g/cm3. The mix ratio between the
base resin and curing agent is 100 parts to 12.9 parts, respectively.
Therefore a sample of the cured epoxy would have a density of
approximately 1.09 g/cm3, with an average polymer chain com-
posed of C21.67H26O4N0.45. This corresponds to an average polymerFig. 12. Atomic structure of triethylene tetramine (TETA) curing agent.
Table 3
Approximate quantities of atoms present in the surrounding matrix per cubic
nanometer.
Element Atoms/nm3 % of Total
Carbon (C) 39.87 42 %
Hydrogen (H) 47.84 50 %
Oxygen (O) 7.36 7 %
Nitrogen (N) 0.83 1 %
Fig. 13. CNT embedded in randomchain mass of 356.01 u (atomic mass units), or 5.912  1022 g.
From this, a molecular density of 1.843  1021 mol/cm3, or 1.843
mol/nm3, can be derived. Based on the above calculations, the
approximate quantities of atoms present in the surrounding matrix
(per cubic nanometre) are determined and provided in Table 3.
From this, we can infer an approximate polymer nodal density of
96 nodes/nm3. For the present study, we adopt a constant volume
of polymer surrounding the CNT that extends a radial distance of
1.00 nm from the wall of the CNT. The model also utilizes an inter-
facial thickness of 0.34 nm and a CNT of 6.60 nm in length. The sur-
rounding polymer has a volume of 35.49 nm3 which corresponds
to a total of 3407 polymer nodes and a total of 3,379,744 vdW
interactions occurring during the pull-out process. The polymer
nodes are randomly distributed throughout this volume. In this
way, the polymer representation closely mimics that of a true
polymer system whereby the polymer chains adopt a random con-
ﬁguration. Fig. 13 depicts the CNT embedded in the random two-
component epoxy system and the distribution of polymer nodes.
Using the procedure outlined above the ISS for the present two-
component epoxy system of 6.60 nm in length is predicted to be
21.98 MPa and the corresponding pull-out proﬁle is depicted in
Fig. 14. In comparison, Zheng et al. (2009) predicted a non-bonded
ISS of approximately 33 MPa for a CNT of 5.9 nm in length embed-
ded in a polyethylene matrix via MD. The results are comparable
and any discrepancies can be attributed to differences in the CNT
diameter and the different polymer systems investigated.
It should be noted that the predicted polymer nodal density is
only a rough estimate and is based on a number of key assump-
tions. For example, the above approach assumes that there are
no signiﬁcant secondary reactions or by-products forming during
the curing process that would drastically change the average poly-
mer composition or density. The stochastic nature of epoxies
means that the density of atoms will vary, depending on how the
resin and hardener interact and the curing temperature. Also, in
a practical setting, the atomic density will change depending on
what other constituents are mixed into the resin or hardener,
and what anomalies or voids are introduced during the manufac-
turing of the nanocomposite. Even the most sophisticated methodspolymer nodal distribution.
Fig. 16. Pull-out proﬁles for CNTs with different embedded lengths in the
generalized polymer formulation.Fig. 14. Pull-out proﬁle for CNT embedded in DGEBA/TETA two-component epoxy
system.
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to account for all the possible variations.
3.2. Effect of CNT embedded length
Fig. 15 shows simulated pull-out proﬁles for nanotubes of three
different lengths; 3.3 nm, 6.6 nm, and 12.8 nm with an interfacial
thickness of 0.34 nm. At ﬁrst glance one may conclude that the
maximum pull-out force increases with embedded CNT length,
particularly when comparing the 6.6 and 12.8 nm proﬁles. How-
ever, the additional sharp peaks evident in the 12.8 nm proﬁle
are due to the random distribution of nodes in the polymer repre-
sentation. If a uniform distribution of nodes were adopted the pro-
ﬁles would exhibit a smoother and more consistent plateau
regime. For example, Fig. 16 depicts the pull-out proﬁles for three
different lengths when using the polymer representation of Study 1.
As can be seen the pull-out proﬁles show very little variability and
the maximum pull-out force is identical for all three lengths.
Therefore, it can be inferred that the maximum pull-out force re-
mains relatively unchanged for CNTs of different lengths. This
can be explained by reference to stress distributions in traditional
ﬁber pull-out tests. It is well known that for the case of a continu-
ous ﬁber composite with a load applied in the ﬁber direction there
exist both normal and interfacial shear stresses. However, the dis-
tribution of these stresses differs along the embedded length of the
ﬁber. The normal stresses vary linearly from a maximum at theFig. 15. Pull-out proﬁles for CNTs with different embedded lengths in the two-
component epoxy formulation.loaded end of the ﬁber to zero at the embedded ﬁber end. The
interfacial shear stresses, on the other hand, rise exponentially
and peak at either the loaded or embedded ends depending on
the material properties of the constituent materials (Fu et al.,
1993). A similar interfacial shear stress distribution is observed
in the present nanotube pull-out simulation. At the nanoscale, only
vdW interactions participating with CNT atoms near the loaded
end of the nanotube contribute to counteract the applied pull-
out force. A two-dimensional schematic depiction of the vdW
interactions at the interface is provided in Fig. 17. The vdW inter-
actions acting on CNT atoms along the length of the nanotube have
no cumulative effect on the pull-out force and ISS. Instead, the
cumulative resultant vdW force is normal to the longitudinal axis
of the nanotube and hence to the direction of nanotube loading.
In comparison, the CNT atoms near the end of the nanotube have
a component of the cumulative force opposing the pull-out force
which contributes to the ISS. Therefore, increasing the CNT embed-
ded length has no effect on the maximum pull-out force of non-
bonded nanotubes; rather it only serves to extend the sliding re-
gime of the pull-out proﬁle, as depicted in Fig. 15.
Given that the maximum pull-out force is not affected by the
CNT length, it is possible to examine its inﬂuence on the ISS simply
by dividing the maximum force by the interfacial area for varied
CNT lengths. The ISS of the CNT polymer composite system exhib-
its a decaying length dependence similar to traditional ﬁber com-
posites, as shown in Fig. 18. This result allows one to extrapolate
ISS values for CNTs of longer lengths that are too large to model
due to the number of degrees of freedom involved. For example,
if we were to consider an embedded CNT length of 100 nm the re-
sults predict an ISS of 1.45 MPa for the corresponding CNT polymer
composite system.Fig. 17. Two dimensional schematic depiction of the cumulative resultant vdW
forces along the length of a CNT during the pull-out process.
Fig. 18. Effect of embedded nanotube length on the interfacial shear strength.
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A number of approaches have been considered to account for the
interfacial properties of CNT polymer composites. These depend on
the type of bonding, type of polymer matrix, and load transfer
mechanisms considered. Hence, the interfacial thickness has not
yet been unambiguously deﬁned. Several different values have
been used in both atomistic and continuum simulations. Hu et al.
(2005) simulated the helical wrapping of one polystyrene chain
around a CNT considering only van der Waals interactions via
molecular dynamics. The equilibrium distance between the hydro-
gen atoms in the polymer and carbon atoms in the nanotube ranged
from 0.2851 to 0.5445 nm. However, only one polymer chain was
considered, while in practical cases there may be other chains
which also wrap around the nanotube. In comparison, Li and Chou
(2006) studied the compressive behavior of CNT/polymer compos-
ites and assumed that the inside surface of the polymer matrix was
located at the same position as the outside surface of the nanotube,
giving an interfacial thickness equal to 0.17 nm or half the thickness
of the nanotube itself. Montazeri and Naghdabadi (2008) used an
interfacial thickness of 0.3816 nm in their molecular structural
mechanics model of SWCNT-polymer composites. This value corre-
sponds to the equilibrium distance of the Lennard-Jones potential.
Given the above variance, it is worthwhile to investigate the effect
of different interfacial thicknesses on the ISS of the CNT polymer
composite system.
Fig. 19 shows the predicted ISS for the two-component epoxy
system over an interfacial thickness range of 0.30–0.46 nm for aFig. 19. Effect of interface thickness on the interfacial shear strength.CNT of 3.30 nm in length. An immediate observation is that the ISS
increaseswith decreasing interfacial thickness. The present analysis
adopts a constant computational volume that extends a radial dis-
tance of 1.0 nm from thewall of the CNT. As the interfacial thickness
is decreased, a larger number of polymer atoms are included in the
computational cell which increases the number of vdW interactions
occurring over the interface and the subsequent ISS.3.4. Effect of Lennard-Jones cut-off distance
In most MD approaches, the LJ interatomic potential used to
simulate vdW interactions is often truncated to reduce computa-
tional cost so that atom pairs whose distances are greater than
the truncation distance have a vdW interaction energy of zero.
The truncation distance or cut-off distance is often taken to be
2.5w or 0.85 nm. At 2.5w, the LJ potential is approximately
1/60th of its minimum value. However, truncating the potential
introduces a sharp discontinuity between atoms inside and atoms
outside the cut-off radius, particularly when smaller cut-off dis-
tances are used. In the present study, vdW interactions dominate
the solution and truncation of the LJ potential even at 2.5w can
potentially introduce signiﬁcant errors. Fig. 20 shows the calcu-
lated results for a cut-off range of 0.51 nm (1.5w) to 1.36 nm
(4.0w) using an interfacial thickness of 0.34 nm and a CNT length
of 3.3 nm. The dotted line in the ﬁgure is the predicted ISS when
no cut-off distance is used and the LJ potential has an inﬁnite range
representing the true solution for this particular conﬁguration. The
associated error with each data point is provided in Table 4. As the
cut-off distance is increased, the associated error decreases. At the
traditional cut-off distance of 2.5w or 0.85 nm the solution still
shows an error of approximately 25.71% suggesting that a cut-off
distance of 3.5w (7.91% error) would be more appropriate for this
particular system. It should be noted that in all the above analyses
no cut-off distance was incorporated.Fig. 20. Effect of LJ cut-off distance on the interfacial shear strength.
Table 4
Associated error in predicted ISS due to truncation of LJ potential.
Cut-off distance (nm) sISS (MPa) Error (%)
0.51 (1.5w) 9.9 78.35
0.68 (2.0w) 24.7 45.71
0.85 (2.5w) 33.8 25.71
1.02 (3.0w) 39.0 14.29
1.19 (3.5w) 41.9 7.91
1.36 (4.0w) 43.4 4.62
Inﬁnite 45.5 0.00
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The use of CNTs as reinforcing agents in epoxies allows for
nanotubes with various diameter ranges to be selected. The diam-
eter of a CNT can have an effect on its macroscopic reinforcement
properties, which needs to be understood. Here, we examine ﬁve
nanotubes of length 4.2 nm embedded in the two-component
DGEBA/TETA polymer representation. Armchair conﬁgurations
are considered, with the smallest being a (5,5) nanotube, and the
largest an (18,18) nanotube. In order to minimize the effect of
polymer distribution on the pull-out curves, an identical polymer
conﬁguration is used for all simulations, and polymer atoms out-
side the 0.34–1.34 nm interfacial range are deleted after modeling
the nanotube. Fig. 21 shows the pull-out proﬁles predicted for
CNTs of different diameters while Fig. 22 illustrates the approxi-Fig. 21. Pull-out proﬁles for CNTs of varying diameter.
Fig. 22. Effect of diameter on the interfacial shear strength.
Table 5
Details of the capping conditions considered.
Capping scenario CNT structure Polymer end condition
A (10,10) Uncapped No polymeric end-cap
B (10,10) Uncapped Polymeric end-cap
C (10,10) Capped No polymeric end-cap
D (10,10) Capped Un-conforming polymeric end-cap
E (10,10) Capped Tight polymeric end-capmately linear dependence of the ISS on the CNT diameter. How-
ever, as the diameter increases, the ISS decreases until it plateaus
at approximately 25.9 MPa. This reduction demonstrates the
advantage of using small diameter SWCNTs, due to their signiﬁ-
cantly higher ISS values when compared to larger diameter CNTs.
The results of this study are summarized in Table 5.
3.6. Effect of CNT and polymer capping
The previous studies examined the key parameters that inﬂu-
ence the ISS for a non-bonded pull-out conﬁguration where the
CNT extended the same distance as the surrounding polymer. In
all these cases, the pull-out proﬁles did not exhibit the initial char-
acteristic peak in the pull-out force that is evident in experimental
pull-out proﬁles. In this section, we illustrate the importance of
accounting for the vdW interactions that occur at the base of the
embedded CNT by incorporating both CNT caps and a polymeric re-
gion below the CNT. From this point forward, we refer to the poly-
meric region below the CNT as a polymeric end-cap. In this case,
we consider a (10,10) armchair nanotube of length 4.42 nm
embedded in the two-component DGEBA/TETA epoxy polymer
representation. Five different capping conditions are considered
and are summarized in Table 6 along with their schematic repre-
sentations in Fig. 23.
An un-conforming polymeric end-cap refers to the case when
the CNT is capped and the surrounding polymer does not entirely
conform to its contour (Condition D). The interfacial thickness is
slightly larger than the constant value of 0.34 nm used in our pre-
vious simulations near the base of the CNT. One should also note
that the capped CNT geometries are offset from the uncapped
geometries by a distance of approximately 0.27 nm. This is due
to the curved shape of the CNT cap, which in turn reduces the
effective length of the CNT. The tight polymeric end-cap condition
does conform to the CNTs capped contour (Condition E). The poly-
mer matrix entirely surrounds the CNT with a constant interfacial
thickness of 0.34 nm. The most notable difference between these
two scenarios is that the magnitudes of the vdW forces acting at
the base of the CNT in the un-conforming condition are reduced
due to the larger separation distances between the polymer and
CNT atoms.
An initial comparison of the pull-out proﬁles for all ﬁve capping
conditions is shown in Fig. 24. Examining the pull-out proﬁles
highlights the signiﬁcant effect that the capping condition can have
on the pull-out characteristics. The most notable difference is the
initial peaks evident in the pull-out proﬁles for Conditions B and
E. These peaks arise from the added vdW interactions between
the polymer and CNT atoms at the base of the nanotube when con-
sidering tight polymeric end-caps. Fig. 25 illustrates the additional
vdW forces that arise from these capping conditions which appose
the applied pull-out force. A capped CNT with a tight polymeric
end-cap (Condition E) has a peak pull-out force 2.85 times larger
than the base condition A where neither a CNT cap nor a polymeric
end-cap were considered. This results in a 16% increase in the en-
ergy required to pull out the CNT from the surrounding polymer
(for a 4.42 nm CNT). The additional vdW interactions that arise
from the added CNT and polymer atoms signiﬁcantly improveTable 6
Pull-out results with varying nanotube diameters.
CNT chirality CNT diameter (nm) Peak pull-out force (nN) sISS (MPa)
(5,5) 0.678 0.310 34.656
(8,8) 1.085 0.439 30.631
(12,12) 1.628 0.590 27.474
(15,15) 2.035 0.696 25.907
(18,18) 2.443 0.835 25.924
Fig. 23. Different capping conditions considered.
Fig. 24. Pull-out proﬁles for capping conditions A through E.
Fig. 25. Two dimensional schematic depiction of the cumulative resultant vdW
forces along the length and base of a CNT during the pull-out process.
Table 7
Pull-out results for different capping conditions.
Capping condition Peak pull-out force Average s
(N) (% Change) (N)
A 5.61E10 – 5.06E10
B 7.73E10 37.81% 5.14E10
C 5.57E10 0.72% 5.09E10
D 5.61E10 0.09% 5.11E10
E 1.60E09 184.83% 5.10E10
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observed in experiments. One might expect a similar result for
Condition D, however, the peak pull-out force for this condition
deviates by only 0.09% from the baseline condition. This is due to
the larger interfacial thickness near the base which serves to re-
duce the magnitude of the vdW forces in that region. In addition,
the capped CNT with no polymeric end-cap (Condition C) does
not seem to deviate much from the baseline. As such, we can con-
clude that CNT caps do not signiﬁcantly affect the magnitude of the
pull-out force unless fully surrounded by the polymer matrix such
that the additional atoms are capable of participating in these
interactions. A summary of the pull-out results for each condition
is provided in Table 7.
4. Conclusions
A nanotube pull-out test has been simulated using the ABCmul-
tiscale modeling technique to investigate the interfacial properties
of CNT polymer composites. Only vdW interactions were consid-
ered between the atoms in the CNT and the polymer implying a
non-bonded system. The vdW interactions were simulated using
the LJ potential, while the CNT was described using the Modiﬁed
Morse potential. The results reveal that the ISS shows a linear
dependence on the vdW interaction density and decays signiﬁ-
cantly with increasing nanotube embedded length. The thickness
of the interface was also varied and our results reveal that lower
interfacial thicknesses favor higher ISS. When incorporating a
2.5w cut-off distance to the LJ potential, the predicted ISS shows
an error of approximately 25.7% relative to a solution incorporating
an inﬁnite cut-off distance. Increasing the diameter of the CNT was
found to increase the peak pull-out force approximately linearly.
Finally, an examination of polymeric and CNT capping conditions
showed that incorporating an end cap in the simulation yielded
high initial pull-out peaks that better correlate with experimental
ﬁndings. These ﬁndings have a direct bearing on the design and
fabrication of carbon nanotube reinforced epoxy composites.teady-state pull-out force Pull-out energy
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